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CHARACTERIZATION OF f-VECTORS OF
FAMILIES OF CONVEX SETS IN R“
PART I:

NECESSITY OF ECKHOFF’S CONDITIONS

BY
GIL KALAI

ABSTRACT

Let # ={K,,...,K,} be a family of n convex sets in R*. For 0 = i < n denote by
f; the number of subfamilies of ¥ of size i + 1 with non-empty intersection. The
vector f(#)=(fu fi,...)is called the f-vector of J. In 1973 Eckhoff proposed a
characterization of the set of f-vectors of finite families of convex sets in R¢ by a
system of inequalities. Here we prove the necessity of Eckhoff’s inequalities.
The proof uses exterior algebra techniques. We introduce a notion of general-
ized homology groups for simplicial complexes. These groups play a crucial role
in the proof, and may be of some independent interest.

1. Introduction

Let # ={K,, K,,..., K.} be a family of sets. The Nerve of ¥, N(), is an
abstract simplicial complex on N ={1,2,..., n} defined by

(1.1) N(%)={SCN:S=@ or g&#@}.

In this paper we are concerned with families of convex sets in R%. We call a
simplicial complex C d-representable if C is the nerve of a finite family of convex
sets in R’. Recall that for a finite simplicial complex C, f;(C) is the number of
i-dimensional faces of C, and the vector f(C)= (fo(C), fi(C),...) is called the
f-vector of C. (For convenience, we regard f(C) as an ultimately vanishing
infinite sequence.) If C = N(J), then f.(C) is the number of subfamilies of ¥ of
size i +1 with nonempty intersection.

The purpose of this paper is to characterize f-vectors of d-representable
complexes. Such a characterization by means of a system of inequalities (see
(1.7) below) was conjectured by Eckhoff in [5, 6] and was proved by him for the
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cases d = 1,2. Eckhoff also proved the sufficiency part of his conjecture for all
d = 1, but this proof was not published. In this paper we prove the necessity of
Eckhoff’s inequalities, and thus establish Eckhoft’s conjecture. In part II we will
give an independent proof for the sufficiency part of the conjecture and will
discuss some applications and related problems.

To introduce Eckhoff's inequalitics we need some definitions and notations:
For positive integers h and k, h can be written uniquely in the form

A A o ( hi)
(1.2) h_(k>+(k—1)+ + i)
where b > ho_, > - > h; = j = 1. This representation is called the k-canonical
representation of h. Given this representation, define

(1.3) h‘“=(kh_k1>+(k"*_-'2)+...+(jﬁf1).

For h =0 put 0"’ =0.

Canonical representations and the function A’ were defined in the context of
the following theorem, which characterizes f-vectors of arbitrary simplicial
complexes.

KRUskAL-KATONA THEOREM [13]. An ultimately vanishing sequence f =
(fo, f1. . ..) of nonnegative integers is an f-vector of a simplicial complex iff

(1.4) fe"sfo forallk = 1.

For simple proofs of the Kruskal-Katona Theorem see 4] or [8]. Related
results and an extensive bibliography may be found in [10].

Let C be a d-representable complex (d is a fixed positive integer). The
h-vector of C, h(C)= (hg, hy,...), is defined by

fi(C), k=0,1,....d -1,
(1.5) hk-{
;t—wﬁfﬁﬂACx k=dd+1,....

It is casy to verify that

h, k=0,....d -1,

(1.6) ﬂ«3={ |
;UTﬁmm k=dd+1,....

Now we are ready to formulate Eckhoff’s conjecture.
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EckHOFF's CONJECTURE [5, 6]. h = (ho, hy,...) is the h-vector of a d-
representable complex iff the following inequalities hold:

(i) h 20, k=0,1,2,...,
(1.7) (i) h& "= he k=1,....,d-1,
(i) KL= hoy— by, k=dd+1,....

In fact, Eckhoff's “h-Vermutung™ ([6, p. 176]) asserts that the inequalities
(1.7) characterize the h-vectors of d-representable complexes, of d-collapsible
complexes (see below) and of two other classes of complexes. Remarks
concerning these other classes appear at the end of this paper.

Our proof is based on multilinear techniques introduced in a previous paper
[11]. However, the exposition in this paper does not depend essentially on [11].
In [11] we proved the following theorem, which was conjectured by Katchalski
and Perles:

THEOREM. Ford =1,k =0, n 20 and r 2 1, the maximum of f. (C) over all
d-representable complexes C with n vertices and dim C <d +ris Z{_o (" )(¥.).
(This maximum is attained, e.g., when C is the nerve of a family consisting of r

copies of R® and n — r hyperplanes in general position in R".)

The Katchalski-Perles conjecture was proved independently by Eckhoff in [7].

In [20] Wegner proved that a d-representable complex is d-collapsible. We
shall use this result and, in fact, we shall prove that inequalities (1.7) hold for
every d-collapsible complex. The definition of d-collapsibility and related
concepts are given in Section 2. The necessary algebraic background is given in
Section 3. In Section 4 we give the basic definitions and results needed for the
translation of our problem into the language of exterior algebra. The proof of
the theorem is given in Sections 5 and 6. In Section 5 we define some kind of
generalized homology groups for simplicial complexes and show that some of
these groups vanish for d-collapsible complexes. In Section 6 we finally show
how the vanishing of these groups implies Eckhoff’s inequalities. The final
section contains some concluding remarks.

This work is part of my Ph.D. thesis done under the supervision of Professor
M. A. Perles at the Hebrew University. I would like to thank Professor Perles
for his great help. I would also like to thank Professor J. Eckhoff and Mr. Ido
Shemer for useful conversations.

The following notations will be used in the paper: For a natural number m,
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[m]={1,2,...,m}. For j>i=0, [i,j]={ii+]1,...,j}. For a set T and a
nonnegative integer r, T’ ={S C T : | S| =r}. For a simplicial complex C and a
nonnegative integer K,

ske, C={S€C:dimS=k} (={SEC:[S|l=k+1},
C.={S€C:dimS = k}.

For a complex C and a face S € C, the quotient complex C/S (known also as the
link of S in C) is defined by

(1.8) C/S ={T\S:TEC, TDS}.

2. d-coliapsibility of simplicial complexes

DEerinITION 2.1, A face S of a simplicial complex C is free if S is included in
a unique maximal face of C.

DeriniTion 2.2, Let C be a simplicial complex, and S a free face of C of
dimension < d. The operation of deleting S and all the faces that include S is
called an elementary d-collapse. A finite simplicial complex C is called d-
collapsible if C can be reduced to the void complex by a sequence of elementary
d-collapses.

DEFINITION 2.3. A special elementary d-collapse is an elementary d-coliapsc
of one of the following types:

(A) Removal of a maximal face of dimension <d.

(B) Removal of a free face S of dimension d — 1 and all the faces that include
S.

We shail occasionally say that a special elementary collapse is of type (B),
(r = d), if it is of type (B) and the maximal removed face is r-dimensional.

The following technical lemma was proved in [11].

Lemma 2.4. [11,lemma 3.2] Every elementary d-coilapse can be effected by a
finite sequence of special elementary d-collapses.

The following fundamental theorem was proved by Wegner [20]:
THEOREM 2.5. Every d-representable complex is d-collapsible.

REMARK. The effect of an elementary d-collapse on the h-vector of a
simplicial complex C was computed in Eckhofl’s paper [6]. This effect is very
simple if we are dealing with a special clementary d-collapse.
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Indeed if C" is obtained from C by removing a maximal face of dimension e,
e <d then h.(C)=h.(C')+ 1, and h(C)= h(C’) for all k#e.

If C’ is obtained from C by a special elementary collapse of type (B),, r = d,
then

h(C)=h(C)+1 ford-1=k=r and
h (C)= h(C") otherwise.

This fact obviously implies (1.7)(i). Moreover, it implies that if C is reduced to
& by a sequence of special elementary d-collapses, then the number of steps of
type (B)x (k =d) is precisely hi (C)— he.io(C). This shows that the sequence
(m(C):k =zd —1) is non-decreasing. Inequality (1.7)(iii) can be viewed as a
strengthening of this last observation.

However, we shall not use this combinatorial interpretation of the numbers h;.
In our proof they will appear as dimensions of some linear spaces.

3. Algebraic background

The material presented here is self-contained and seems sufficient for our
purposes. The reader interested in a fuller treatment of exterior algebra may
consult [15] or [2].

Let V =E" be the n-dimensional Euclidean space, with the fixed standard
orthonormal basis (e, ...,e.). Put N ={1,2,..., n}; the exterior algebra A Vis a
2"-dimensional inner product space with orthonormal basis {es: S CN}. A
multilinear associative multiplication A on A V with identity 1 = e, is defined by
the following rules:

(@ if S ={i;,...,i}CN. i, <i,<---<i,thenes=e,n---re, (here ¢ is an
abbreviation for e).

(b) esne; = —e ne forall i, jEN.

For 0=k =n, A*V is the subspace of V spanned by {es : § € N*).

I (fi,...,f.) is another basis of V and S ={i\,...,ii}CN, i, <---<i, write
fs = fi A+ A fi. Ttis easy to show that the set {fs : S € N®}is a basis of AV,

Let A =(a;)i=ijsn be the transition matrix from the standard basis (e, . .., e,)
to (fi,....fa), ie., fi=Z{aye;:jEN} for iEN. For S, TCN put Agr=
(@y)iesjet. The transition from the basis {es : $ € N*}of A*Vito {fs : S € N*}is
given by

(3.1) fs =D ldet Agr)er : TEN®}  for S ENW,

Put M ={1,2,...,m}. For an arbitrary m X n matrix A, and for 1=k =
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min (m, n), denote by Ci(A) the matrix (det Asr)seme renw. Ce(A) is called
the k-th compound of the matrix A (see [9, p. 19]). From the discussion above it
follows that if A is square and non-singular, then C;(A) is non-singular as well.
Therefore, if the columns of a rectangular matrix A are linearly independent,
then so are the columns of Ci(A).

Let (fi, ..., f.) be an orthonormal basis of V. It foilows from the Cauchy-Binet
Theorem ([9, p. 9]) that the basis {fs : S € N} of A*V is also orthonormal.

For g, f € AV, the left interior product gL f € A V is defined by the require-
ment

(3.2) (u, gLfy=C(ungf) forallue A V.

Clearly gi.f is a bilinear function of f and g. If g € A“Vand f € A*™*V then
gif € A*V. It follows from the dcfinition that

(3.3) hu(grf)=(hnrg)Lf

If (fi,...,f«) is any orthonormal basis of V, then

+for i SOT,
(3.4) frifs = {
0 if ST

Notethatif f=2_ e, € Vand § = {i;,..., L} where i, <i;<---<i,then

s

(3.5) fLes = 2 (— 1 ey esy-
=
Thus L-multiplying on the left by f is a weighted boundary operator, which
reduces to a usual boundary operator when f =2, e.
For subspaces U,, U, of AV define

(3.6) Uia U, =span{ui A uy:u, € Uy, u, € Us},
3.7 ULU,=span{uiLu,: u, € U, u, € Uj}.
Note that

(3.8) Ua(Up+ Us)=U; A U+ Ui A Us,
(3.9) UL (U, + Us)= UL U+ U, L U,
and

(3.10) UlL(UzL U3)=(U|I\ Uz)L U3.
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A linear subspace U of AV is a a-ideal [left L-ideal] if g A u € U [resp.
gLu€ U] for all g€ AV, u€lU. A subspace U of AV is graded if U=
So(UNA'Y).

A basis (fi,...,f.) of V is in general position (with respect to the standard
basis (ey,...,e.)) if every square submatrix of the transition matrix A from
(e1,...,e,) to (fi,...,fs) is non-singular. In this case we have, for S, TCN,
|S|=IT|=r,

(3.11) det Agsir =(fs, er) #0,
and therefore, by previous remarks,
(3.12) detCi(Agir)#0  foreveryk, 1=k=r

Another useful application of (3.11) is the following: Let F,R,TCN, | F|+
|R|=]|T]| Then

0 if TBF,

(313) <eF,fR LeT>=<eF /\fR, e1}={
*{fr, err) #0 if TDF.

REMARK. In most textbooks (such as [15]) it is not assumed that A V' is an
inner product space, and the left (and right) interior products gL f (resp. g Jf)
are defined for f € A Vand g € A V¥, where (A V)* = A(V*)is the dual space of
A V. Use of this definition would not change anything essential, but would
slightly complicate the notation.

4. Modules associated with simplicial complexes

Let C be a simplicial complex on the vertex set [n](={1,2,...,n}). Let Vbe a
real inner product space with standard basis (ey,...,e.), and let (fi,...,f.) be
another basis of V.

DEFINITION 4.1.
(1) M(C)=span{es:SEC}CAV.

Note that M(C) is a graded left L-ideal of A V.
(2) M{C)=M(C)N A“"'V(=span{es : S € C}).
(3) M(C)=span{es:SEZ C}.

Note that M(C) is a graded a-ideal of A V.
(4) M(C)=M(C)N A*"'V.
(5) I(C)= AVIM(C).

For m € AV we write i = m + M(C)€E€ I(C).
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6) L(C)={m:me& A" V}= A" VIM(C).
Obviously dim M, (C) = dim L, (C) = fi (C).

Note that {é; : S € C} is a basis of I(C). It follows that I(C) is the direct sum
of L(C), ~1=k=n-1

Next we define an order relation < (the opposite lexicographic order) on the
subsets of [n], as follows:

DEFINITION 4.2. Suppose S ={i\,..., i}, T={ji,...,ji},where i <i,<--- <
iband ji<j,<---<j. §S<Tif s<torif s =t and there exists an m such that
ix = ji for all k<m and in <jm (le, S<T iff [S|<|T|or|S|=]|T| and
min(SAT)ES.)

For basis elements fs, fr(S, TC[n]) fs<fr i S<T.
Note that I(C) is spanned by the set {fs : $ C N}. Define

D ={SCN, f'sﬁéspan{fr :TC[n], T<S}}.
One can easily verify that the set {fs : S € D} is a basis of I(C).
In fact, the following assertion holds:

ProposITION 4.3. If E is an initial segment of [n]*'(={S C[n]:|S|=k})
with respect to the order relation <, then the set {fs : S € D N E} is a linear basis
of span(fs:S € E}.

The verification of Proposition 4.3 is straightforward and is omitted.

PROPOSITION 4.4. (compare [18]) D is a simplicial complex.

Proor. First note that if R, S, TC[n], S<T and RN(SU T)=¢, then
RUS<RUT. Now suppose Si€D, S;CS, and S;& D.
Since S, & D, we can write

@.1) fo= 2 f{asfs : S < Sa}.

Put R = 5\ S, and multiply both sides of (4.1) by fz. Since fx A fs =0 unless
R NS =, we obtain

fso=fros=*fa nfo= £ D {*asfavs :S< S, SNR =2}

Thus fs, Espan{fr : T C[n], T < S}, in contradiction to S, € D. [ ]

Obviously f.(C)= fi(D) for all k Z0.
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REMARKS.

(1) If M is any graded a-ideal of A V, define I(M)= A V/M. Onc can define D
in exactly the same way as done here for I(C), and Propositions 4.3 and 4.4
remain valid.

(2) The complex D depends on the basis (fi,...,f.) (but “generically™ it is
independcnt of the basis).

5. Generalized homology groups

In this section we define gencralized homology groups Hi(C) for a simplicial
complex C. The main result in this section is that some of these groups vanish for
d-collapsible complexes. This is a crucial step in proving that the f-vectors of
d-collapsible complexes satisfy Eckhoff’s inequalities.

As before, let V be a real inner product space with a standard basis
(ei,...,e), and let (fi,...,f.) be another basis of V. For 0=r=n define
F, =span{f,,..., £} C V. Recall that [r]={1.2,....r}.

Let M be a graded left L-ideal of AV. For —1=i=n~1 define M, =
MOA"'V.

DEFINITION 5.1.
5.1 Zi={xeEM:fiLx =0},
5.2) Bi=F L M., (CM).
PROPOSITION 5.2. BLCZ.,

Proor. Forl=i=r me M.,

fl'IL(fiLm)z(f[,]/\f.)Lm =0Lm=0.
DEFINITION 5.3.

(5.3) HM)=2Z./B..
If C is a simplicial complex with vertex set [n], put Hi(C)= H(M(C)).

From here throughout the rest of the paper we assume that (f,,...,f.) is a
fixed orthonormal basis of V, in general position with respect to (e, ..., e,). The
existence of such a basis is easily proved, sec [11, sec. 2|. All the applications of
the definitions in Sections 4 and 5 will be taken with respect to this fixed basis.

REMARKS.
(1) If r=1and fi=e +--+e, then Hi(C) coincides with the usual homol-
ogy group Hi(C,R).
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(2) For our purposes condition (3.11) on the basis (fi, .. ., f.) can be relaxed. It
can be replaced by

(5.4) det Apyr =(f er) 20 forall0<r=nandall TEN".

As remarked at the end of Section 3, the orthogonality of the basis

(i for--.s f.) is, in a sense, just a matter of convenience.
(3) It may be true that the generalized homology groups H(C) defined above
are independent of the particular choice of the basis (fi,.... f.) (provided it

satisfies (5.4)). We know that this is true in the “‘generic” case. However, failure
of (fi,....f.) to satisfy (5.4) may affect the groups H(C). Note that for fixed r,
H(M) actually depends on F, =spanf{f,,..., f:}, and not on the individual
vectors fi,....f.

The main result of this section is the following theorem.

THEOREM 5.4.  Suppose C is a d-collapsible complex ; then H3,i(C) =0 for all
k=0.

The proof of Theorem 5.4 is based upon the following proposition.

Let d, b, ¢ be fixed integers. d 20, 0=b=c=n—-d Puti=c—b Let F, G
be two subsets of [n], FCG, |F|=d, |G|=d +c. For cach set $ such that
FCSCG and |S|=d +b, let as be a real number.

PROPOSITION 5.5. There exists a unique | € A'F, such that
(5.5) (es, 1L ec) = as forall Ssuchthat FCSCG, [S|=d+b.

ProOF. The vectors {fr:TE[c|”} form a basis of A'F. Writing
[ =2{&fr - T €[c]"} condition (5.5) reduces to the following system of linear
equations:

Diles frrea)te :TE[c])=as (FCSCG,|S|=d+b).

Thus the proof of our proposition is reduced to showing that the coefficient
matrix D,

(56) D'r_s = (es, fTLe(;) for FCSC G, lS l =d+band TE [C](“,

is square and non-singular.
Clearly D is a (f) X () matrix. Now,

Dys = (es, f'r Les)={(es A fT. eG) = <es A €ars, € )(fT, €cis)

(see (3.13)). Write £(S) = (es A eas, €i), and note that £(S) = = 1. Therefore, by
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(3.1), Drs = €(S)det A7gs. Thus D is obtained from the i-th compound matrix
Ci(A[c\r) by renaming the columns (G \ § — §) and multiplying some of them
by —1. Since A e+ is non-singular (by our assumption (3.11)), it follows that
Ci(Afcyo\r) is non-singular as well, and so is D. [ |

ProOF OF THEOREM 5.4. Assume that C is d-collapsible. We must show that
Hi:(C)=0 (k = 0), or, in other words: If m € M., (C) and fi,.,;L m =0 then
m € Feoi L Mysini(C).

Suppose CNC'NC'N:---NCY' = is a sequence of special elementary
d-collapses that reduces C to the void complex. The proof is by induction on t.
We assume the validity of the theorem for C' and prove it for C.

Let F be the free face and let G be the unique maximal face that includes F in
the special elementary d-collapse C\C'. If | F|= d and G = F there is nothing
to prove. Assume |F|=d and dimG =d+k+i If i<0 then M, (C)=
M,.;(C") for all j =k, and there is again nothing to prove. Suppose i=0.
Assume m € My, (C), fieenLm =0. If (m,es) =0 for all S € C s.t. FCS, then
m € My (C'), and by the induction hypothesis m € FiyiL Myvin(C')C
Fis1L Mavki(C). Hence we may assume that (m, es) # 0 for some S € C s.t.
FCS.

Case 1. i=0, ie., dimG =d+k. In this case (mes)=ac#0. We will
prove that in this case f. ;L m# 0, by showing that (es, fie.iyL m) # 0. Suppose

m =E{ase5 :S€C dimS =d+k}.
If S# G, then FZS, and therefore (er, fiienLes) =0 (see (3.13)). Thus
(er, fie+nL M) = ac{er firL €c)
= ac(er A firs €6) = £ ac{fi, €ar) #0,
a contradiction (see (3.13)).

Case II. i>0. The proof in this case proceeds along the following lines:

(2) Split m into a sum m = m, + m,, where m; € M, (C) is of the form [ L eg,
and m, € M. (C").

(b) Show that m; € Fiii L Mysii(C).

The rest is easy. Since by (b) m, € Fi.i L Mysis1(C), it follows from Proposi-
tion 5.2 that fu.nLm;=0. Since fu,yLm =0, also furyLm,=0. Since
m; € M. (C'), the induction hypothesis implies that m; € Fi, L My (C') C
Fieii L Masii(C). By (b) also m = m; + m, € Foyi L Maiicri(C).

We now perform steps (2) and (b) as described above.
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Step (a). As before, assume that m =Z{ases:S € C, dimS =d + k}.
Proposition 5.5 (with the substitutions b—k +1, ¢ =k +i+1) asserts the
existence of an [ € A'F,... such that

(es,ILec) = as forall S suchthat FCSCG, dimS =d+k.

Now put m, ={Les, m,=m—m,. m, is of the form Z{Bses: S CG, dim$S =
d +k},and Bs = as if F CS CG. Therefore m, € My, (C)and m, € My (C').

Step (b). Write
(5.7) I=>{Aefe : RE[k+i+1]"}),

and put A* = Apazuvie ((K+2,k+i+1]={k+2,...,k +i+1}). Note that if
Re(k+i+1]”and R#[k+2,k+i+1]then R N[k +1]# and therefore
flk“l A fR =(). I[ fO“OWS that f[koll/\ 1 = /\* 'f[k+|] A flk,g‘ka,w]] = /\* 'f[kn‘+1]- NOW,
since by our assumption fi.,,L m =0, we have

0=<eF.f[k+1]L m) =(e,.-,f,k;111‘2{aseg S e C,dlm S=d+ k})
68) =(e:-,f|k+uL2{ases :FCSCG,dimS =d+k}).

(If FZS, then (ex, fix.ijles) =0, and if FCS € C then S CG.) By the same
token

(er, fixenL m) = (eF,f[k.”Lz{Bses :FCSCG,dimS=d+k}).
Since as = B for all FCS CG, we obtain:
0 ={er, fixs1l. m) = (ex, frry L M)
={ex, fucryL (L ec)) ={er (fi.n A DLea)
=A% (ex, flrirnL €c) = A¥ - (€r A fixiivi, €6)
= 2 A% fiesinip €rr )

Since {fix+i+1), €c\e) # 0 by our assumption (3.11)), we conclude that A* =0. It
follows by (5.7) that

l€span{fe :RE[k+i+1]", R#[k+2,k+i+1}}=Fei AN "Fiin.

Now
m; = lLeG e (Fk+l A Al_le+i+1)LMd+k+i(C)

= Fk rlL(Ai_le +iolLMd+k+i(C))CFkH LMd+k+l(C)-

This completes step (b), and with it the proof of Theorem 5.4. |
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Theorem 5.4 can be actually strengthened, as follows. Let C’ be a subcomplex
of C. The inclusion map i =i, : Mi (C')> My (C) map Z(C’) into Z(C) and
BC") into BiC), and thercfore induces a homomorphism ¢(=
¢ H(C")— H(C).

THEOREM 5.6. If C' is obtained from C by a special elementary d-collapse,
then ¢ : Hili(C')— H5:i(C) is an isomorphism for every k = 0.
(Theorem 5.6 is not needed for the proof of Eckhoff’s conjecture.)

ProofF. For m € Z(C), put m =m + ByC)E Hi(C). Let k =0 be fixed.
Let F be the free face and let G be the unique maximal face that includes F in
the special elementary d-collapse CN\C'. We may assume that dim G =d + k.
Exzctly as in the proof of Theorem 5.4 one can show that if m € Z4:,(C), then
m = m,+ m,, where m, € B3ii(C) and m, € Z41(C"). Thus it = m1,, and i1, is
clearly in the range of ¢4.i. This shows that ¢4.\ is an epimorphism.

It remains to show that @ik is a monomorphism, or equivalently, that
Bii{C)N Z5(C)C B(CY). (The opposite inclusion is always true.) This
relation is trivial when dim G = d + k, so we may assume that dim G >d + k.
Suppose m € B5(C)N Z5:(C"). Since m € BY1W(C)(= Fesi LMy.iai(C)), m
can be written as a sum:

(5.9) m=2{arLer: TEC,dmT=d+k+1},

where ar € Fi., for every T. Define
(5.10) m=Y{arLe:FCTCG dimT=d+k+1}.

Clearly m—-m,=3{arLer: TEC,dmT=d+k +1}€ B45(C"). Thus
m—m, € Zi:(C'), and since by our assumption m € Z5.,(C"), it follows that
m; € Z5(C"), and we only have to prove that m, € B4Ii(C’). By Proposition
5.5 (with the substitution b—k +2, c—>k+i+1), for every T such that
FCTCG and dim T = d + k + 1 there exists a unique element It € A" 'Feyiy
such that {eg, IrLes)=8rr for all R such that FCRCG and dimR =

d+k+1. Thus Iy L eg = er + ¢c1, where ¢r € Myii(C'). Define

(5.11) I=>{a: A lr:FCTCG,dimT=d+k +1},
and
(5.12) my=>{arLcr:FCTCG,dimT=d+k+1}

Note that | € Fkﬂ AA i‘IFk+i+1 C AiFkéq'-f-] and
meEkF., L Md+k+1(cl) = BZIL(C') C Z;:L(CI)
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Note also that, for all T such that FCTCG anddimT=d+k+1,
(aT/\lT)LeG=aTL(lTLeG)=aTL(eT+CT)=aTLeT+aTLcT.

It follows from (5.11), (5.10) and (5.12) that /L ec = m; + m,. Since m, and m,
belong to Z5ii(C"), it follows that [ L eg € Z51(C”), and therefore (I L e, es) =0
for every S such that FCS C G and dim S = d + k. From the uniqueness part of
Proposition 5.5 (with b > k + 1, ¢ = k + i + 1) it follows that [ = 0 and therefore

ILec = m,+ m, =0. Therefore m, = — m, € Bi1(C"). [ |

ReMARK. Call two complexes C, D d-collapse equivalent if D can be
obtained from C by a finite sequence of elementary d-collapses and “inverse
elementary d-collapses”. (Compare [3, ch. 1].) Theorem 5.6 actually shows that
if C and D are d-collapse equivalent then Hi:i(C)~ Hii(D) for every k = 0.

It can be shown that if C and D are d-collapse equivalent then there is a
complex E such that C and D d-collapse to E.

6. Proof of the Main Theorem

In view of Theorem 5.4, the “only if” part of Eckhoff’s conjecture follows
from the following theorem:

THEOREM 6.1. Let d=1 be a fixed integer. Suppose C is a finite simplicial
complex satisfying

6.1 HSMC)=0  forallk =0.
Let h(C)= (ho, hi,...) be the h-vector of C (see (1.5)). Then

@) h =0, k=0,1,...,
(i) A< by, k=1,2,...,d-1,
(lll) hid)éhk_,—hk, kzd,d+1,....

REMARK. (ii) is just the Kruskal-Katona Theorem and (i) is obvious for
k < d. Thus we have to prove only inequality (i) for k = d and inequality (iii).

Since the proof is somewhat involved we first describe its main steps.

First we choose for every k =0 a subspace of Mys«(= M.+ (C)) which is a
complement of Z5!i and denote it by M.

Using the fact that Hiii(C) =0 we show that

j
k+1 k+1 _ 0
Zdik = Bd:k =FaLMyua= E A Fk+j L Md+k+j-
>
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Moreover, we prove that
j I »
dim Z4 = 2 dim ( A FiyL M?HH,-) = Z}(",")dlm My
> 7>

From this equality we conclude that dim M., = ha.i, which proves inequality
(i) for k =z d.

To prove inequality (ii) we consider the simplicial complex D defined in
Section 4. We prove that

HSED:|S|=d+k+1, 8 D[k +1]}|=dim Mk = has.
From the Kruskal-Katona Theorem it follows that
h§W={SED:|S|=d+k SD[k+1]}]

The proof is finished by a counting argument which shows that

HSeD:|S|=d+k SDO[k+1}|= hari-1— hasi.

PROOF OF THEOREM 6.1. Suppose dim C =d + r. Recall that Z§\ is a sub-
space of My, defined by
Z55=1{x € Mass : freeLx =0}

For k 20 choose Mu.. to be a subspace of M,.,, complementary to Zili.
(MYt Zath = Muss, M5 N Z51={0}.) The following assertion follows im-
mediately from the definition of Mg,

ASSERTION (1). If x € M3, x#0, then fy.yLx#0.
Next we prove a few more assertions:

ASSERTION (2).

6.2) Zi=3, A Foi L M)
=
ProoF. By decreasing induction on k. By our assumption Hgi(C) = 0 for all
k = 0. This means that Z i1k = B5ii = Fiui L Musin. In particular, since dim C =
d +r we obtain Z3%,= B}, =0. Thus (6.2) holds for k = r. Now suppose (6.2)
holds for k +1 and prove it for k, as follows:

' For the case of a d-collapsible complex C, the equality codim Z43} = h,,, follows easily from
the proof of Theorem 5.4.
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E k+1 Q k +2
Z:i}( =Biiv=Fn LMo = Fia L (M + Z ik

k2
= FiaL M3+k+1 + Foa L Z g3

=Feal My + FonL (; /,\ FiaiA M(.;+k+1+,->
=F..L M(‘;+k+l +;Fkrl L ( /l\ | LM(‘LH.‘,-)
= Fn+1LM3+k+1+]Z() (Fku A /I\ Fk*l*j)LM?i¢k4Hi
= Fiu LMZ¢k41 +,_Z;)i;\l FiiejL Mg+k+l4j

j
143
=2)AF;H,'LMd¢kH~ .
>

For0=j=r—k and S €[k +j|” (i.e., SC[k + ], |S|=), define
(63) Md,k[S] =stM(,lj4k..i (CMd+k).
Since A’'Fi.; =span{fs : S €[k +j]”}, we have

6.4) /I\Fkr,'LM';d(o/:Z{MdH([S], Selk +j](j)}.

Define
P=Fkr)= U{lk+j]":0<j=r—k}
6.5) ={S:0<|S|=r—-k, SC[k+]|S]|]}.
ASSERTION (3).
(6.6) Z4 = PiM..[S): S e 9}

Proof. From (6.2) and (6.4) it follows that (6.6) holds with @ replaced by Z.
It only remains to show that the sum is direct.
Suppose

©67) m=>Y{ms:SEF),
where ms € M; .. [S], and not all the terms my are zero. By (6.3) we can write
(6.8) ms =fsLms ~ where ms€ Mg.us.

We must show that m# 0. To do this we show that fiz 1. m> 0 for a suitably
chosen element fr € A*''V.
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Choose a set T € & of minimum cardinality such that m, # 0, and put t =| T |.
Clearly T C[k +1t]. Define R =[k +t+1]\T(=[k +t]\ T U{k +t + 1}). Note
thatif S €[k +¢]" then SN R#Z D unless S = T. If S € [k + j] for some j > 1,
thenclearly S N R# ), since |S|+|R|=j+k+1and R C[k +t+1]C[k +j].
Thus fr A fs = 0for all § = ¥ such that | S | = 1, except possibly for S = T. By the
choice of T, ms=0 for all SE¥ such that |S|<t We conclude that
(fr A fs)Lms=0 for all S € ¥, except (perhaps) for S = T.

It follows from (6.7) and (6.8) that

frim =feL D {ms: S € &}
=feL D {fsLm$: S € F}
=D {frL(fsLm$: S € ¥}
=D {(fa A fs)L m: S € F}
=(fa Afr)Lmy= *foirLm%
= = fl oL my.
Since 0 # m'% € Muis, fiiviiy L mS# 0 (Assertion (1)) and thus m # 0. [ |
From Assertion (1) it follows immediately that for every S €[k + j]¥
6.9) dim My [S] = dim fo L M3, .., =dim My, .,
From (6.5), (6.6) and (6.9) we get
(6.10) dim ZZIL=;_E:((“,~")dim Y
ASSERTION (4).

6.11) dim M3 .= hyo

Proor. By decreasing induction on k.

For k =r (dim C = d + r) we have Z3%,= H;.(C) =0 and therefore MY., =
M,., and dim M., = fi, = hy.,.

Suppose (6.11) holds for all k' > k. Then, by (6.10) and (1.6)

r-k
R " . . ke K+j
dim qu,k:dlm Mdik “dlmZd.sz‘pk _2( ;))hd+k+l‘ = h‘“k. .
j=1

Note that from (6.11) it follows that

(6.12) dim Z53% = faex — Hasne
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COROLLARY.  hy =0 for all k = d.
This is part (i) of Theorem 6.1.

To proceed we need the definitions and results of Section 4. There we defined
a basis {fs : S € D} of I(C). This basis is “lexicographically minimal™ with
respect to the order < on {f.g : S CN}. There we also showed (Proposition 4.3)
that D is a simplicial complex and that fi (C) = fi (D) for all k = 0.

All that is left to prove is incquality (iii), hi x = hsox | — hysi for 0=k =r.

This will be done by applying the Kruskal-Katona Theorem to the quotient
complex D/[k +1](={S\[k +1].S € D,[k + 1] CS}). To do this we need a few
more assertions.

Define

E(=E(ndk)={S€[n]“*'":S§D[k +1]}

6.13
(6.13) ={[k+1JUT:TEk+2,n]"}.

ASSERTION (5).
(6.14) |E.ND|=hyu

Proor. Define W =Span{fs:SE€EJ} (CA*'V), W={w:weE W}=
span{fs : S € Ei} (CL.«(C), sce Definition 4.1). Note that E, is an initial
segment of [n]“**'" with respect to the order relation < (sce Definition 4.2),

and therefore, by Proposition 4.3, {fs : S € E, N D} is a linear basis of W. Thus it
remains to show that

(6.15) dim W = hy...
But
W=W/(WNM(C)=W/(WNM..)=(W+ M) My,

and thereforc

dim W = dim (W + My ) — dim Myai = dim (W + My ) = (a5kn) + fanke
Therefore (6.15) is equivalent to
(6.16) dim(W + Masi) = (ashe1) = fasi + Baoe
Define

6.17) W+=span{fs :S E[n]U*Y, [k +1)Z S}
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Since W* and M,.. are the orthogonal complements in A“"™*"'V of W, resp.
M,.i, (6.16) is equivalent to

(618) d1m(W+ N Md+k) = fd+k — Navre
But m € W N M, iff fuoyim =0 (see (3.4)), i.e. m € Z5ii(C). Thus
W' N Masx = Z4%, and since dim Z555 = farx — hasi ((6.12)), (6.18) follows. W
For r =0 we use the notation D, ={S € D :dim § =r}. For k = —1 denote
2+k=D ﬂEk(={S EDdH( [k+1]C S})
PROOF OF THEOREM 6.1 (end). Define subsets &, and # of D 4.k as follows:
(619) 9’0'—‘{5 EDd+k71:[k+l]C S},
(6.20) F={S\{k+1}:S €Dy}

Clearly %, and ¥, are disjoint. From Assertion (5) it follows that | | = | D] =
hy., therefore

6.21) | %ol = | Dask—r| = | #1| = havic-1 = hase

Note that |#,| is the number of (d —2)-faces in the quotient complex
D*=D/[k +1]. The number of (d —1)-faces of D* is |Di.i| = hasi. From
(6.21) and the Kruskal-Katona Theorem it follows that

Ravior — haok Z| Lol = fa(D*) Z fao(D*) = K.
This completes the proof of Theorem 6.1.

REMARK. Let d be a fixed positive integer. For a graded left L-ideal M, define
fIM) = (f- (M), fo(M),...), where f,(M) =dim(M N A""'V). Define h(M) by
equalities (1.5). If HiX(M) =0 for all k =0, then h(M) satisfies inequalities
(1.7). The proof remains almost the same. The only difference is the replacement
of M(C) by M ={x € AV:{(x,u)=0 for all u € M}.

7. Concluding remarks

(1) In [6] Eckhoff introduced the following four classes of simplicial com-
plexes:
H?: the class of d-representable complexes.
% the class of d-collapsible complexes.
x: Ce ¥’ ifi C=N(H), where X is a finite family of subsets of R?, and
the intersection of every nonempty subfamily of X is either empty or a
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homology cell. (CCR? is a homology cell if C is connected and
H(C)=0for 1=1,2,...,d.)
&*: the class of complexes C satisfying the following condition:

7.1 H,(C/S)=0  forevery!=d andevery S € C.

Obviously #* C #°. A theorem of Leray [14] implies that #* C £°. Wegner’s
Theorem asserts that #* C €, and it is easy to see that €* C £*. (Wegner [20]
conjectured that also % C €°.) Eckhoff [6] conjectured that the sets of
f-vectors of these four classes coincide, and are characterized by inequalities
(1.7). In order to show that (1.7) holds for members of £“ it would suffice to
prove the following conjecture (see Theorem 6.1):

CoNJECTURE 7.1. If C € ¥* then H5:(C)=0 for all k 0.

(2) Eckhoff’s h-conjecture resembles quite closely McMullen’s g-conjecture
concerning the characterization of f-vectors of simplicial d-polytopes (see [16,
17]). This conjecture was recently proved by Billera and Lee [1] (sufficiency) and
Stanley [19] (necessity). Perhaps the methods developed here can be used to give
an alternative proof for the necessity part of McMulien’s conjecture.

(3) The generalized homology groups defined in Section 5 can be further
generalized as follows: Let M be a graded left L-ideal of A V.

DerNITION 7.2.  For integers r=q =0
(7.2) Z;;"={xEMk : /q\ FLx =0}

( = {X (S Mk :fTAx = 0 for all T c [r](QJ}),

r—q+1
(7.3) Be="A FLM u(CZ),
(7.4) H#M)=Z%B¢

If C is a simplicial complex, define Hi(C) = H((M(C)).
REMARK.  HY(M) coincides with the group Hi(M) defined in Section 5.

In the proof of the Katchalski-Perles conjecture in [11}, we implicitly showed
that if C is a d-collapsible complex and dim C =d +r then

(7.5) H(C)=0  forallk =0.

(It is not hard to show that (6.1) already implies (7.5).) In fact, we proved in [11]
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that (7.5) holds even for “weakly (d, r)—collapsible complexes” (see [11, Sec. 5]).
(For this wider class of complexes (6.1) need not hold.)

In [12] we define a graph G to be k-acyclic if HY'(G)=0. We also define
there the complementary notion of hyperconnectivity, and applied these notions
to some extremal problems in graph theory.

Note added in proof. Conjecture 7.1 has now been proved.
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