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CHARACTERIZATION OF f-VECTORS OF 
FAMILIES OF CONVEX SETS IN R e 

PART I" 
NECESSITY OF ECKHOFF'S CONDITIONS 

BY 

OIL KALAI 

ABSTRACT 
Let ~ = {K~ . . . . .  K,} be a family of n convex sets in R d. For 0 =< i < n denote by 

the number of subfamilies of ~ of size i + 1 with non-empty intersection. The 
vector [(~[) = (fo, f~ . . . .  ) is called the f-vector of ~[. In 1973 Eckhoff proposed a 
characterization of the set of / -vectors  of finite families of convex sets in R a by a 
system of inequalities. Here we prove the necessity of EckhofPs inequalities. 
The proof uses exterior algebra techniques. We introduce a notion of general- 
ized homology groups for simplicial complexes. These groups play a crucial role 
in the proof, and may be of some independent interest. 

1. Introduction 

Let Y{ = {K~, K2 . . . . .  K,} be a family of sets. The Nerve of ?E, N(Yf), is an 

abstract simplicial complex on N = {1,2 . . . .  , n} defined by 

(1.1) N ( Y O = { S C N ' S = O  or ,~sA K , # e } .  

In this paper we are concerned with families of convex sets in R a. We call a 

simplicial complex C d-representable if C is the nerve of a finite family of convex 

sets in R a. Recall that for a finite simplicial complex C, f~(C) is the number of 

/-dimensional faces of C, and the vector f (C)  = (fo(C), f,(C),... ) is called the 

f-vector of C (For convenience, we regard f(C) as an ultimately vanishing 

infinite sequence.) If C = N(Yl), then )~(C) is the number of subfamilies of Y[ of 

size i + 1 with nonempty intersection. 

The purpose of this paper is to characterize f-vectors of d-representable 

complexes. Such a characterization by means of a system of inequalities (see 

(1.7) below) was conjectured by Eckhoff in [5, 6] and was proved by him for the 
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cases d = 1,2. Eckhoff also proved the sufficiency part of his conjecture for all 

d ~ 1, but this proof was not published. In this paper we prove the necessity of 

Eckhoff's inequalities, and thus establish Eckhofl's conjecture. In part II we will 

give an independent proof for the sufficiency part of the conjecture and will 

discuss some applications and related problems. 
To introduce Eckhoff's inequalities we need some definitions and notations: 

For positive integers h and k, h can be written uniquely in the form 

(1.2, h = ( h ~ ) +  ( h k _ , l ) + . . . +  ( h i  j). 
where hk > hk-, > �9 �9 �9 > hj => j _>- 1. This representation is called the k-canonical 
representation of h. Given this representation, define 

(1.3) h 'k~= ( k hk hJ 1 

For h = 0  put (l'kl=0. 
Canonical representations and the function h ~k~ were defined in the context of 

the following theorem, which characterizes [-vectors of arbitrary simplicial 

complexes. 

KRUSKAL-KA'rONA THFOREM [131- An ultimately vanishing sequence f =  
([,,,f, . . . .  ) of nonnegative integers is an [-vector of a simplicial complex iff 

(1.4) f~k "~<= fk t for all k e 1. 

For simple proofs of the Kruskal-Katona Theorem see [4] or [8]. Related 

results and an extensive bibliography may be found in [10]. 
Let C be a d-representable complex (d is a fixed positive integer). The 

h-vector of C, h ( C ) =  (h,,h~ . . . .  ), is defined by 

= [  fk(C), k =0,1  . . . . .  d - l ,  

(1.5) hk 
l ~.(--lY(k)J a)fk.,(C), k = d , d + l  . . . . .  

It is easy to verify that 

(1.6) fk(C) = { hk 

Z (k+'-a)h j k ~j, 
j > l l  

Now we are ready to formulate Eckhoff's conjecture. 

k = 0  . . . . .  d - l ,  

k = d , d + l  . . . . .  
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ECKHOFF'S CONJECTURE [5, 

representable complex if[ the following 

(i) hk > 0 .  

(1.7) (ii) h~k*'~_-- < hk-,, 

(iii) h~"~<-_ hk-i- hk, 

6]. h = (ho, h~ . . . .  ) is the h-vector of a 

inequalities hold : 

k =0 ,1 ,2  . . . . .  

k = 1 , . . . , d - I ,  

k = d , d + l  . . . . .  

d_ 

In fact, Eckhoti's "h-Vermutung" ([6, p. 176]) asserts that the inequalities 

(1.7) characterize the h-vectors of d-representable complexes, of d-collapsible 

complexes (see below) and of two other classes of complexes. Remarks 

concerning these other classes appear at the end of this paper. 

Our proof is based on multilinear techniques introduced in a previous paper 

[11]. However, the exposition in this paper does not depend essentially on [11]. 

In [11] we proved the following theorem, which was conjectured by Katchalski 

and Perles: 

THEOREM. For d >= 1, k >- O, n >= 0 and r >-_ 1, the maximum off~ ~(C) over all 

d-representable complexes C with n vertices and dim C < d + r is E'/=o (", r)(kr ,). 

(This maximum is attained, e.g., when C is the nerve of a family consisting of r 

copies of R a and n - r  hyperplanes in general position in Ra.) 

The Katchalski-Perles conjecture was proved independently by Eckhoft in [7]. 

In [20] Wegner proved that a d-representable complex is d-collapsible. We 

shall use this result and, in fact, we shall prove that inequalities (1.7) hold for 

every d-collapsible complex. The definition of d-collapsibility and related 

concepts are given in Section 2. The necessary algebraic background is given in 

Section 3. In Section 4 we give the basic definitions and results needed for the 
translation of our problem into the language of exterior algebra. The proof of 

the theorem is given in Sections 5 and 6. In Section 5 we define some kind of 

generalized homology groups for simplicial complexes and show that some of 

these groups vanish for d-collapsible complexes. In Section 6 we finally show 

how the vanishing of these groups implies Eckhoff's inequalities. The final 

section contains some concluding remarks. 

This work is part of my Ph.D. thesis done under the supervision of Professor 

M.A.  Perles at the Hebrew University. I would like to thank Professor Perles 

for his great help. I would also like to thank Professor J. Eckhoff and Mr. Ido 

Shemer for useful conversations. 

The following notations will be used in the paper: For a natural number m, 



178 G. KALAI Isr. J. Math. 

[m]={1 ,2  . . . . .  m}. For j>i>=O, [i,j]--{i,i+l . . . . .  j}. For a set T and a 

nonnegative integer r, T "~ = {S C T :  IS [ = r}. For a simplicial complex C and a 

nonnegative integer k, 

skelkC ={S C C :dim S =< k} ( =  {S E C : [ S I_  <- k + l}), 

Ck = { S ~ C : d i m S = k } .  

For a complex C and a face S E C, the quotient complex C/S (known also as the 

link of S in C) is defined by 

(l.8) C / S = { T \ S : T E C ,  TDS}.  

2. d-collapsibility of simplicial complexes 

DEFINITION 2.1. A face S of a simplicial complex C is free if S is included in 

a unique maximal face of C. 

DEFINITION 2.2. Let C be a simplicial complex, and S a free face of C of 

dimension < d. The operation of deleting S and all the faces that include S is 

called an elementary d-collapse. A finite simplicial complex C is called d- 

collapsible if C can be reduced to the void complex by a sequence of elementary 

d-collapses. 

DEFINmON 2.3. A special elementary d-collapse is an elementary d-collapse 

of one of the following types: 
(A) Removal of a maximal face of dimension < d. 
(B) Removal of a free face S of dimension d - 1 and all the faces that include 

S. 
We shall occasionally say that a special elementary collapse is of type (B), 

(r _-> d), if it is of type (B) and the maximal removed face is r-dimensional. 

The following technical lemma was proved in [11]. 

LEMMA 2.4. [11, lemma 3.2] Every elementary d-collapse can be effected by a 
finite sequence of special elementary d-collapses. 

The following fundamental theorem was proved by Wegner [20]: 

THEOREM 2.5. Every d-representable complex is d-collapsible. 

REMARK. The effect of an elementary d-collapse on the h-vector of a 

simplicial complex C was computed in Eckhoff's paper [6]. This effect is very 

simple if we are dealing with a special elementary d-collapse. 
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Indeed if C' is obtained from C by removing a maximal face of dimension e, 

e < d  then h , ( C ) =  h~(C')+ 1, and h~(C) = h k ( C ' ) f o r  all k ~  e. 

If C'  is obtained from C by a special elementary collapse of type (B),, r => d, 

then 

hk (C) = hk (C') + 1 

hk(C)  = hk(C')  

for d - l = < k _ - < r  and 

otherwise. 

This fact obviously implies (1.7)(i). Moreover,  it implies that if C is reduced to 

by a sequence of special elementary d-collapses, then the number of steps of 

type (B)k (k ~ d) is precisely h k ( C ) - h k . ~ ( C ) .  This shows that the sequence 

(hk(C):  k = > d -  1) is non-decreasing. Inequality (1.7)(iii)can be viewed as a 

strengthening of this last observation. 

However,  we shall not use this combinatorial interpretation of the numbers h i . 

In our proof they will appear as dimensions of some linear spaces. 

3. Algebraic background 

The material presented here is self-contained and seems sufficient for our 

purposes. The reader interested in a fuller treatment of exterior algebra may 

consult [15] or [2]. 

Let V -- E ~ be the n-dimensional Euclidean space, with the fixed standard 

orthonormal basis (el . . . . .  en). Put N = {1 ,2 , . . . ,  n}; the exterior algebra AVis  a 

2~-dimensional inner product space with orthonormal basis { e s : S  C N}. A 

multi[inear associative multiplication ^ on A Vwith identity 1 = ee is defined by 

the following rules: 

(a) if S = {i~ . . . . .  is}CN, il < i2< �9 .. < is, then es = el ^ �9 ". ^ ei~ (here ei is an 
abbreviation for e~,~). 

(b) e ~ ^ e j ~  -e jAe~  for all i, j E N .  

For 0 _  < - k _-< n, A kV is the subspace of V spanned by {es :S  E Ntk~}. 

If (fl . . . . .  f~) is another basis of V and S --{i~ . . . .  ,i,} CN, i~ < . . .  < i~, write 

f~ = f~ A �9 �9 �9 ̂ f~. It is easy to show that the set {f~ : S C N <kl} is a basis of A kV. 

Let A =(a~j)~<~.j~, be the transition matrix from the standard basis (et . . . .  , e,)  

to ff~ . . . . .  f ,) ,  i.e., f ~ = E { a q e j : j E N }  for i E N .  For S, T C N  put A s j r =  

(a,~),~s.jcr. The transition from the basis {es : S E N ~k~} of A kVto {fs : S (~ N ~kl} is 

given by 

(3.1) fs = ~ {(det Asrr)er : T E N ~} for S E N ~k). 

Put M = { 1 , 2  . . . . .  m}. For an arbitrary m •  matrix A, and for l < k _  < - 
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rain (rn, n), denote by Ck(A) the matrix (det Aslr)se~'~'.7~N .... Ck(A ) is called 

the k-th compound of the matrix A (see [9, p. 19]). From the discussion above it 

follows that if A is square and non-singular, then Ck (A) is non-singular as well. 

Therefore, if the columns of a rectangular matrix A are linearly independent, 

then so are the columns of Ck (A). 

Lct (f, . . . . .  f, ) be an orthonormal basis of V. It follows from the Cauchy-Binet 

Theorem ([9, p. 9]) that the basis {fs:S ~ N ~k~} of AkVis  also orthonormal. 

For g, [ E A V, the left interior product gL[ E A V is defined by the require- 

ment 

(3.2) (U, gL f )=(UAg ,  f) forall u E A V. 

Clearly gLf is a bilinear function of f and g. If g ~ AaVand  f E  AE*dV then 

g k f ~  A~V. It follows from the definition that 

(3.3) hL(gLf)  = (h A g)Lf. 

If (f~ . . . . .  f , )  is any orthonormal basis of V, then 

=:[ +- fsv, if S D T, 
(3.4) f rLfs  

0 if $25T. 

Note that i f f  = EL, aie, E V a n d  S = {i ,  . . . . .  i ,}  w h e r e  i ,  < i~_ < �9 . .  < i,,  then 

(3.5) f L es = 2 ( - 1)'-'a',esx~';" 
j=t 

Thus L-multiplying on the left by [ is a weighted boundary operator, which 

reduces to a usual boundary operator when f = E,"=j e,. 

For subspaces U,, /-/2 of A V define 

(3.6) 

(3.7) 

Note that 

(3.8) 

(3.9) 

and 

(3.10) 

U~ A U~ = span{u, A U2 : U~ E U,, u2 E U~}, 

UI L U2 = span {u~ L U2 : u~ • U,, u2 E U2}. 

U, A (U~ + U~)= U, A U: + U, A U~, 

U| L(U2-[- U3)= UIL U2-k UIL U3, 

U t L ( U 2 L U 3 ) = ( U I  A U2)L U3. 
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A linear subspace U of A V is a ^-ideal [left L-ideal] if g A U E U [resp. 

g L u E U ]  for all g E A V ,  u E U .  A subspace U of A V i s  graded if U =  

~:i=o (U n ^ 'v) .  
A basis (f, . . . . .  f . )  of V is in general position (with respect to the standard 

basis ( e t  . . . .  , e,)) if every square submatrix of the transition matrix A from 

(el . . . .  , e,) to (f~ . . . . .  f , )  is non-singular. In this case we have, for S, T C N, 

Isl=lTl=r, 

(3.11) det AsiT = (fs, er) ~ O, 

and therefore, by previous remarks, 

(3.12) detCk(Aslr)  ~ 0 for every k, l<=k<r. 

Another useful application of (3.11) is the following: Let F, R, T C N, I F I + 
]R ] = [ TI. Then 

(e~'fRLeT)=(eF^fR'er)= f 0 if T2JF, (3.13) 
l -+ (fR, eT\F) ~ 0 if T D F. 

REMARK. In most textbooks (such as [15]) it is not assumed that A V is an 

inner product space, and the left (and right) interior products g L [ (resp. g / jr) 

are defined for [ E A Vand g E A V*, where (A V)* = A (V*) is the dual space of 

A V. Use of this definition would not change anything essential, but would 

slightly complicate the notation. 

4. Modules associated with simplicial complexes 

Let C be a simplicial complex on the vertex set [n]( = {1,2 . . . .  , n}). Let V be a 

real inner product space with standard basis (e l , . . . ,e , ) ,  and let (fl . . . .  , f , )  be 
another basis of V. 

DEFINITION 4.1. 

(1) M(C) = span{es : S E C} C A V. 

Note that M(C) is a graded left L-ideal of A V. 

(2) Mk(C) = M(C) n A k+~ V( = span {es : S E Ck}). 

(3) M ( C ) =  span{es : S C  C}. 

Note that M ( C )  is a graded A-ideal of A V. 

(4) ,~k(C) = ,~(C) n A ~+'V. 
(5) R c ) =  A Vl~(C). 

For m E A V we write rh = m + ~/1(C) E I(C). 
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(6) h ( C ) = { t h  : m ~ Ak+ 'V}  = A k+'Vlff/ lk(C). 
Obviously dim Mk (C) = dim I~ (C) = fk (C). 

Note that {& : S E C} is a basis of I(C).  It follows that I (C)  is the direct sum 

of Ik(C), - l < = k < = n - 1 .  
Next we define an order relation < (the opposite lexicographic order) on the 

subsets of In], as follows: 

DEFINITION 4.2. Suppose S = {i~,.. . ,  is}, T = {j~,... ,  j,}, where i~ < i2 < �9 " < 

i, and j, < j2 < �9 �9 �9 < j,. S < T if s < t, or if s = t and there exists an m such that 

ik =jk for all k < m  and ira<j,., (I.e., S < T  itt Is l<lr l  or I S I = I T I  and 

min (S/N T) E S.) 

For basis elements fs, fT(S, TC[n ] )  fs < f r  if[ S < T. 

Note that I (C)  is spanned by the set {fs :S C N}. Define 

D ={S CN, fsEspan{fT:  TC[ n ] ,  T <  S}}. 

One can easily verify that the set {fs : S E D} is a basis of I(C).  

In fact, the following assertion holds: 

PROPOSITION 4.3. If  E is an initial segment of [n]tk~(= {S C[n] :  Is I= k}) 
with respect to the order relation <,  then the set {fs : S E D n E} is a linear basis 

of span 0zs : S @ E}. 

The verification of Proposition 4.3 is straightforward and is omitted. 

PROPOSITION 4.4. (compare [18]) D is a simplicial complex. 

PROOF. First note that if R, S, T C [n], S < T and R n (S U T) = O, then 

R U S < R U T .  Now suppose SI E D, SzCS, and S2ffD. 

Since $2 ff D, we can write 

(4.1) fs~ = ~ {asfs : S < S2}. 

Put R = S, \ S2 and multiply both sides of (4.1) by fR. Since [a ^ is = 0 unless 

R O S = O, we obtain 

fs, = fa~s~ = -+fa ^ fs~ = - ~.{++-asf.us :S <$2, S A R  = 0 } .  

Thus fs, E span {fr : T C [n ], T < S,}, in contradiction to S, E D. 

Obviously fk ( C ) = / k  (D) for all k => 0. 
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REMARKS. 
(1) If M is any graded n-ideal of A V, define I(M) = A V/IC4. One can define D 

in exactly the same way as done here for I(C),  and Propositions 4.3 and 4.4 

remain valid. 
(2) The complex D depends on the basis (f~ . . . . .  f , )  (but "generically" it is 

independent of the basis). 

5. Generalized homology groups 

In this section we define generalized homology groups HI(C) for a simplicial 

complex C. The main result in this section is that some of these groups vanish for 

d-collapsible complexes. This is a crucial step in proving that the f-vectors of 

d-collapsible complexes satisfy Eckhoff's inequalities. 

As before, let V be a real inner product space with a slandard basis 

(el . . . .  ,e,) ,  and let (fl . . . . .  f,,) be another basis of V. For 0 ~  r_<-n define 

F, = span {f, . . . . .  fr} C V. Recall that [r] = {1,2 . . . . .  r}. 

Let M be a graded left L-ideal of AV. For - l _ - < i -  < _ n - 1  define M~= 
M A A i ' I V .  

DEFINrrION 5.1. 

(5.1) Z~,= {x E Mk :fi,lLX = 0}, 

(5.2) B~, = iv, L Mk,, (C Mk). 

PROPOSVrION 5.2. 13~, C ZL 

PROOF. For 1 <- i <--<_ r, m E Mk,l, 

f l r l L ( ~ L m ) = ( f N ^ f , ) L m  = 0 E r a  =0 .  
DEFINITION 5.3. 

(5.3) HI(M) = Z~/ B~. 

If C is a simplicial complex with vertex set [n ], put HI(C)= H~(M(C)). 

From here throughout the rest of the paper we assume that (f, . . . .  , / , )  is a 

fixed orthonormal basis of V, in general position with respect to (e, . . . . .  e,,). The 

existence of such a basis is easily proved, see [11, sec. 2]. All the applications of 

the definitions in Sections 4 and 5 will be taken with respect to this fixed basis. 

REMARKS. 

(1) If r = 1 and f, = e, + ' . .  + e,, then HL(C) coincides with the usual homol- 

ogy group Hk(C,R). 
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(2) For our purposes condition (3.11) on the basis (f~ . . . . .  f, ) can be relaxed. It 

can be replaced by 

(5.4) det AI,Irr = ([I,I, er) / 0 for all 0 < r =< n and all T E N ('). 

As remarked at the end of Section 3, the orthogonality of the basis 

(f,,f2 . . . . .  fo) is, in a sense, just a matter of convenience. 

(3) It may be true that the generalized homology groups HI(C) defined above 

are independent of the particular choice of the basis (]', . . . . .  jr,,) (provided it 

satisfies (5.4)). We know that this is true in the "generic" case. However, failure 

of ([, . . . . .  ]',) to satisfy (5.4) may affect the groups HI(C). Note that for fixed r, 

H'k(M) actually depends on F, =span{/l  . . . . .  f,}, and not on the individual 

vectors f, . . . . .  [,. 

The main result of this section is the following theorem. 

; H~,k (C)=Ofora l l  TUEOREM 5.4. Suppose C is a d-collapsible complex then k. 

k >=(). 

The proof of Theorem 5.4 is based upon the following proposition. 

Le td ,  b ,c  be fixed integers, d=>0,0-<_b_-<_.c=<n-d. P u t i - - c - b .  Le tF ,  G 

be two subsets of [hi, F C G ,  I F l = d ,  I G l = d + c .  For each set S such that 

F C S C G  a n d I S l = d + b ,  let a.s be a real number. 

PROPOSITION 5.5. There exists a unique l ~ A 'F,, such that 

(5.5) (es, lLe~;)=a~ f o r a l l S s u c h t h a t F C S C G ,  [ S l = d + b .  

PROOf. Thc vectors { f , : T E [ c r  '~} form a basis of A'E.  Writing 

I = Z {SClfT : T E [C] ~'~} condition (5.5) reduces to the following system of linear 

equations: 

~,{(es, f i l .  ec,)~,:T@[c]"'}=a.s  ( F C S C G ,  I S I = d + b  ), 

Thus the proof of our proposition is reduced to showing that the coefficient 

matrix D, 

(5.6) D~.s=(e.~,hee(;)  f o r F C S C G ,  I S l = d + b  and T E [ c ]  ('', 

is square and non-singular. 

Clearly D is a (~)x (~) matrix. Now, 

DT:s = (es, [, t. ec,) = (es ^ fT, e(;) = (es ^ e,;\s, ec;)(fT, e(~\s) 

(see (3.13)). Write e ( S ) =  (es ^ eGxs, e(;), and note that e ( S ) =  -+ I. Therefore, by 
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(3.1), DT, s = e (S)det  ATIG~s. Thus D is obtained from the i-th compound matrix 

G(AMI~\v) by renaming the columns (G \ S ~ S) and multiplying some of them 

by - 1. Since AMtG\v is non-singular (by our assumption (3.11)), it follows that 

Ci(AlcllO\V ) is non-singular as well, and so is D. �9 

PROOF OF THEOREM 5.4. Assume that C is d-collapsible. We must show that 
k + l  Hn+k(C) = 0 (k => 0), or, in other words: If m E Md+k(C) and ftk+~lc m = 0 then 

m @ Fk+, L Md+k+,(C). 
Suppose C N C ' N C " N . . . N C ( t ) = ( 3  is a sequence of special elementary 

d-collapses that reduces C to the void complex. The proof is by induction on t. 

We assume the validity of the theorem for C'  and prove it for C. 

Let F be the free face and let G be the unique maximal face that includes F in 

the special elementary d-collapse C N  C'. If IF  f=  < d and G = F there is nothing 

to prove. Assume I F J = d  and d i m G = d + k + i .  If i K 0  then M~+j(C)= 

Md+j(C') for all j => k, and there is again nothing to prove. Suppose i=>0. 

Assume m E Md+k (C), f[k+ljL m = 0. If (rn, es) = 0 for all S @ C s.t. F C S, then 

m E Md+k(C'), and by the induction hypothesis m EG+~LMu+k+ffC')C 
G+~LM~+k+ffC). Hence we may assume that (m, es)#O for some S @ C  s.t. 

FCS.  

Case I. i - -0 ,  i.e., d i m G = d + k .  In this case (m, e c ) = a ~ / O .  We will 

prove that in this case [ik+~j C m / O, by showing that (e~, flk+,l L m) / O. Suppose 

m = ~ { a s e s : S ~ C ,  d i m S = d + k } .  

If S ~  G, then FZ S, and therefore (ez, flk+~lL es)= 0 (see (3.13)). Thus 

(e~-, f[k+,lL m) = ac(ez, fia+,lL ec) 

= aG(e~ ^ flk+,l, eo) = --+ a~(/[k+,l, ec\F) # 0, 

a contradiction (see (3.13)). 

Case II. i > 0. The proof in this case proceeds along the following lines: 

(a) Split m into a sum m = m~ + m:, where m~ @ Md+k (C) is of the form l LeG, 

and m2 E M,+k (C'). 

(b) Show that m, E G+~ L Ma+k+,(C). 

The rest is easy. Since by (b) m~ E G+~ LMa+k+ffC), it follows from Proposi- 

tion 5.2 that flk+~lLm~=0. Since ftk+~lLm=0, also ft~+~lLm:=0- Since 

m2 E Ma+k (C'), the induction hypothesis implies that m2 ~ G+~ L Ma+~+~(C') C 
F~+~ L Ma+~+,(C). By (b) also m = m~ + m~ @ Fk+~ L Ma+~+~(C). 

We now perform steps (a) and (b) as described above. 
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Step (a). As before ,  assume that  m = Y { a s e s : S ~ C ,  d i m S = d + k } .  

Propos i t ion  5.5 (with the subst i tut ions b ~ k + 1, c--* k + i + 1) asserts the 

exis tence of an l E A~Fk§247 such that  

(es, l L e G ) = a s  f o r a l l S s u c h t h a t F C S C G ,  d i m S = d + k .  

Now put m~=lLeG,  m 2 = m . - - m , ,  m, is of the fo rm Y{/3ses : S C G ,  d imS = 

d + k }, and/3s = as if F C S C G. T h e r e f o r e  ml E Ma.k (C)  and mz ~ Ma.k (C ' ) .  

Step (b ). Write  

(5.7) l = ~ { Z , f R  :R  E [ k + i +  1]'~'}, 

and put  A* = ;~lk.2.k,~.ii ([k + 2 .  k + i + 1] = {k + 2  . . . .  , k  + i + 1}). Note  that  if 

R C [ k + i + l ]  ' ' ~and  R ~ [ k + 2 ,  k + i + l ] t h e n  R C l [ k + l ] ~ Q a n d t h e r e f o r e  

flk ,q A fk = 0. It follows that  flk, U A l = Z * �9 flk+q A flk ,-~.k~,, U = A * " flk "*q- NOW, 

since by our  assumpt ion  flk.~je m =0.  we have 

0 =(e~-,fik-,jL m)  = (e,.-,fi~,,1L~{o~ses :S  E C, dim S = d + k}) 

(5.8) =(e,.. f l , . ~ L ~ { a s e s . F C S C  G, d i m S = d + k } ) .  

(If F Z S ,  then (e,:,f~k,~lLe~)=O, and if F C S E C  then S C G . )  By the same 

token  

(ev, flk+q L m~) = (e~, fig ~1l U E {[3ses : F  C S C G, dim S = d + k}). 

Since as = ~s for  all F C S C G, we obtain:  

0 = (ev, flk+,l L m)  = (e~, fie ~U L m,) 

=(eF, flk+qL(ILe~)) = (e~-, (flk, q A /)L ec,) 

= A *" (e~,flk+,+,le ec.) = A *" (ev A flk,, , ,I ,  er;) 

= +- '~ *" (flk+,+,l, e ~ ) .  

Since (flk+,+q, e6~-)~ 0 by our  a s sumpt ion  (3.11)), we conclude that  I *  = 0. It 

follows by (5.7) that  

/ E s p a n { f R : R ~ [ k + i + l ]  ' ' ~ , R / [ k + 2 , k + i + l ] } = F k . , A A '  'Fk+,+,. 

Now 

m, = I L e~ E (FE+, ^ A'- '  Fk+,+,)L M,+k+i( C) 

= Fk ~, e ( A ' - ' F k  ~,,, L m,+~+, ( c ) )  c Fk t, e M~+k +,(C). 

This  comple t e s  s tep (b), and  with it the proof  of T h e o r e m  5.4. 



Vol. 48, 1984 f-VECTORS 187 

Theorem 5.4 can be actually strengthened, as follows. Let C' be a subcomplex 
r of C. The inclusion map i = ik ' M~ ( C )  Mk (C) map Z~,(C') into Z'k(C) and 

B;,(C') into B~(C), and therefore induces a homomorphism q~(= 

q~'~)" H'k(C')-* H~(C). 

THEOREM 5.6. ff  C' is obtained from C by a special elementary d-collapse, 

then ~ :H]:~(C')---* k+, Hd.k(C) is an isomorphism for every k >=0. 

(Theorem 5.6 is not needed for the proof of Eckhoff's conjecture.) 

PROOF. For m EZ'k(C),  put th = m + B ' k ( C ) E H ' k ( C ) .  Let k = 0  be fixed. 

Let F be the free face and let G be the unique maximal face that includes F in 

the special elementary d-collapse C"~ C'. We may assume that dim G _-> d + k. 

Exzctly as in the proof of Theorem 5.4 one can show that if m ~ Za,k(C),  then 
k ~ l  ~ k ~ [  t m = m, + mz, where m, E Bd;k(C) and m2 E Zd+~(C ). Thus rh = rh~, and ffz, is 

clearly in the range of ~ ' '  q~a,~. This shows that q~,]'~.~ is an epimorphism. 
k - I  It remains to show that q~*k is a monomorphism, or equivalently, that 

B~(C)fqZn+~(C)~+~ ~+' ' CB~+~(C~'~ "). (The opposite inclusion is always true.) This 

relation is trivial when dim G = d + k, so we may assume that dim G > d + k. 
k §  k + l  Za+~(C ). Since m ~ B a ~ ( C ) (  = F~., LMa,~I(C)), m Suppose m ~ B a . ~ ( C ) N  ~'~ ' 

can he written as a sum: 

(5.9) m = E { a r L e r  : T ~ C, dim T = d + k + 1}, 

where ar E Fk~t for every T. Define 

(5.10) m~ = ~, {aTLeT : F c T C G, dim T = d + k + l}. 

k~l V Clearly m - m s = E { a r L e - c ' T E C ' , d i m T = d + k + l } E B ~ . k ( C ) .  Thus 
k ~ l  ! k ~ l  ! m - m~ E Z~§ ), and since by our assumption m E Z~+k(C ), it follows that 

k ~ l  t k §  V m~ E Z~+k(C ), and we only have to prove that m~ E Ba+dC ). By Proposition 

5.5 (with the substitution b---~k +2,  c---~k + i + l ) ,  for every T such that 

F C T C G  and dim T =  d + k + 1 there exists a unique element lr E A' 'FE§ 

such that (eR, lrLec;) = 67:R for all R such that F C R  C G and dim R = 

d + k + 1. Thus lr L ec; = e r + cr, where cr ~ Mn+k+~(C'). Define 

(5.11) l = ~ { a l  ^ lr : F C  T C G ,  dim T =  d + k + 1}, 

and 

(5.12) m2 = ~ { a r  t~cr : F C  T C  G, dim T = d + k + 1}. 

Note that I ~ Fk.~ ^ A '-'Fk.,+~ C A'F~+i.j and 

Bd+~(C ) k,, , m2EFE+~L. Mn+E+~(C') k., , = c Z ~ . ~ ( C  ). 
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Note also that, for all T such that F C  T C  G and dim T = d + k + 1, 

(aT ^ lr)Le~ = aTL(ITLec)= aTL(er + CT) = aTLer + aTLCT. 

It follows from (5.11), (5.10) and (5.12) that ILe~ = m~+ m2. Since m~ and m2 
k + l  t " 7 k + l / f ~ p ~  belong to Zd+k(C ), It follows that l L e~ ~ -~ d+k~'-- ), and therefore (l L e~, es) = 0 

for every S such that F C S C G and dim S = d + k. From the uniqueness part of 

Proposition 5.5 (with b ~ k + 1, c ~ k + i + 1) it follows that I = 0 and therefore 
k + l  ! l L e6 = m~ + m: = 0. Therefore  m~ = - m 2  E Ba+k(C ). �9 

REMARK. Call two complexes C, D d-collapse equivalent if D can be 

obtained from C by a finite sequence of elementary d-collapses and "inverse 

elementary d-collapses". (Compare [3, ch. 1].) Theorem 5.6 actually shows that 

k+l ~ > 0 .  Hd+k(D) for every k if C and D are d-collapse equivalent then Hd+k(C) ~ k+~ 

It can be shown that if C and D are d-collapse equivalent then there is a 

complex E such that C and D d-collapse to E. 

6. Proof of the Main Theorem 

In view of Theorem 5.4, the "only if" part of Eckhoff's conjecture follows 

from the following theorem: 

THEOREM 6.1. Let d>=l be a fixed integer. Suppose C is a finite simplicial 

complex satisfying 

(6.1) k~l H~§ = 0 for all k >= O. 

Let h(C) = (ho, h , . . . )  be the h-vector of C (see (1.5)). Then 

(i) hk _-->0, k = 0 , 1  . . . .  , 

(ii) h ~ + ~ -  < hk-~, k = 1 , 2 , . . . , d -  1, 

(iii) h~d)<hk_~-hk, k = d , d + l , . . . .  

REMARK. (ii) is just the Kruskal-Katona Theorem and (i) is obvious for 

k < d. Thus we have to prove only inequality (i) for k _>- d and inequality (iii). 

Since the proof is somewhat involved we first describe its main steps. 

First we choose for every k =>0 a subspace of Md+k( = Md+k(C)) which is a 
7 k + l  complement of ~d+k and denote it by M~ 

Hd+JC) = 0 we show that Using the fact that k+l 

J 
k + l  ~ k + l  ~ ~ - ' ~  Z~+k=t~d+k=rk-lLMd+k+l ~ A Fk+jLM~ 
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Moreover,  we prove that 

dim k*~ ~ (AFk§247 Zd~E = dim 0 = 

189 

j>~ ('/~)dim M~ +j. 

From this equality we conclude that dim M~ = ha+k,' which proves inequality 

(i) for k=>d. 

To prove inequality (ii) we consider the simplicial complex D defined in 

Section 4. We prove that 

I{S E D :  Is I-- d + k + 1, S ~ [ k  + 1]}1 = dimM~ = ha+k. 

From the Kruskal -Katona  Theorem it follows that 

h,d, <I{S ~ D .  I S I=d  + k, SDIk  + I]}[. d + k  

The proof is finished by a counting argument  which shows that 

I { S E D :  I S l = d + k ,  S ~ [ k  +l]}l<=hd+k-,--ha+k. 

= Za+k is a sub- PROOF OF THEOREM 6.1. Suppose d i m C  d + r .  Recall that k§ 

space of Md§ defined by 

k + l  
Z~.k  = {x E Ma+k : ftk+,J L X = 0 } .  

k + l  
For k > 0  choose M~ to be a subspace of Md+, complementary  to Z~+~. 

(MO.k + 7k*, = M~+k, r,,qo ~ 7k+' _ -~d+k ,-, ~+k' '  ~d+~ -- {0}.) The following assertion follows im- 

mediately from the definition of M~ 

0 ASSERTION (1). If X EMd+E, x~O, then /ik+~tLXr 

Next we prove a few more assertions: 

ASSERTION (2). 

(6.2) k + l  i ~ F k +  j 0 Zd+k = L Md+k+j. 

PROOF. By decreasing induction on k. By our assumption H ~ ( C )  = 0 for all 

7k+1 _ nk+l -- Fk+l L Md+,+~. In particular, since dim C = k => 0. This means that ~d+k -- '-" U+k -- 

d + r  we obtain '+~ '+~ Z~+,=  Bd+,=0 .  Thus (6.2) holds for k = r. Now suppose (6.2) 

holds for k + 1 and prove it for k, as follows: 

Zd+k t For the case of a d-collapsible complex C, the equality codim k+l = h~+k follows easily from 
the proof of Theorem 5.4. 
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k "4 1 k + l  Z ~ . k  = Bd,k = Fk+lLMd*k*l = Fk+l L (M~ + Zd*k*l)k"2 

FE+, L M~-k+l + FE+, " ~" = L Z d + k §  

= L M..E+I + G.1L A Fk+,+i o 

o a ( ; t  o = Fk+lL Ma+k+l + • , I A  Fk.,l~i L M d . E ~ 1 ~ j  

. /+1 

FE.~LM~ +i~> A FE+,.j o = L Md+k+~.j 

) 
=j>~ L M,~+k§ A Fk.i " 

F o r 0 _ - < j = < r - k  and S E [ k + i ] ' J ' ( i . e . ,  S C [ k + j ] , l S l = j ) , d e f i n e  

(6.3) M d ~ k [ S ] = f s L M ' ~ k .  j (C M~+k). 

Since ASFk~j = span{fi :S  E [k +./]~'}, we have 

J 0 A Fk. iLM..~, i  = ~ { M d + k [ S ] .  S CE[k + j],s,}. (6.4) 

Define 

(6.5) 

5~ = 5e(k, r )  = U { [ k + j ] " : O < j ~ r - k }  

=(s:o<lsf-<r-k, sc[k+lsl]}. 

ASSERTION (3). 

(6.6) Z~'~ = ( ~ { M d , k [ S ]  : S ~ 5~}. 

PROOF. From (6.2) and (6.4) it follows that (6.6) holds with @ replaced by Y.. 

It only remains to show that the sum is direct. 

Suppose 

m = ~',{ms : S E ~ } ,  
(6.7) 

where ms E Md ~k [S], and not all the terms ms are zero. By (6.3) we can write 

(6.8) ms = fs L m ~ rn" E ~' s, where s Md+k*JSl. 

We must show that m # 0 .  To do this we show that f ,  ] . m # 0  for a suitably 

chosen element [R ~ A k " V. 
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Choose a set T E 5: of minimum cardinatity such that m.,.~ 0. and put t --- t T l- 

Clearly T C [ k + t ] . D e f i n e R = [ k + t + l ] \ T ( = [ k + t ] \ T U { k + t + l } ) . N o t e  

that if S E l k  + t] (') then S M R ~ Q  unless S = T. If S E [ k  +j]u) for some j > t, 

then clearly S n R ~ ,  since IS I + I R  I = J + k + 1 and R C[k + t + 1]Elk + j ] .  

Thus fR ^ fs = 0 for all S = 5: such that ] S ] => t, except possibly for S = 7". By the 

choice of T, ms = 0  for all S E S: such that I S I <  t. We conclude that 

(fR ^ f s ) L m ] = 0  for all S Eft', except (perhaps) for S = T. 

It follows from (6.7) and (6.8) that 

fRI. m = f , L  ~ ] { m s : S G 5  r 

= / . L  Z{/sL?n~: S E c.~ ~ 

= 2{fR LOts L m'~: S f~ ,c-f} 

= Y.{(/, ^ s 

=(f. A fr)LmI~ "= +f.~u-,Lm':r 

= +flk,,,,lLm',. 

Since 0 ~ m ~ E M],E,,, flk,,,,I L m ?r ~ 0 (Assertion (1)) and thus m / 0 .  �9 

From Assertion (1) it follows immediately that for every S E [k +j]u~ 

= md*k~r (6.9) dim Md.k [S] dim[s L Ma ,k . j=  dim 

From (6.5), (6.6) and (6.9) we get 

t k 

dim Z,~. k (6.10) �9 - k,, = ~](~,,)dim " MR§ 
j - I  

ASSERTION (4). 

(6.11) dimMn,k" = hd,k. 

PROOF. By decreasing induction on k. 

For k = r (dim C = d + r) we have Z]*+ ~, = H]+~,(C) = 0 and therefore M]+, = 
[I MR+, and dim M R + , -  [a., = ha.,. 

Suppose (6.11) holds for all k ' >  k. Then, by (6.10) and (1.6) 

r - k  

dim o j~ M,,,k=dimM,~,k dim ~"~ 
- za,, =G~ - ( i = hd,k. �9 

Note that from (6.11) it follows that 

(6.12) dim Zak~, = [~+k - ha+k. 
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COROLLARY. hk ~ 0 for all k ->_- d. 

This is part (i) of Theorem 6.1. 

To proceed we need the definitions and results of Section 4. There we defined 

a basis {fs:S ~ D} of I(C). This basis is "lexicographically minimal" with 

respect to the order < on {fs : S C N}. There we also showed (Proposition 4.3) 

that D is a simplicial complex and that [k (C)=fk (D)  for all k =>0. 

All that is left to prove is inequality (iii), n~.k=h~,k'-~'~ < ~-- ha,k for 0 <= k = < r. 

This will be done by applying the Kruskal-Katona Theorem to the quotient 

complex D/[k + 1 ] ( =  { S \ [ k  + 1], S E D, [k + 1] C S}). To do this we need a few 

more assertions. 

Define 

Ek( = E(n, d, k)) = {S E [n l ' " ' k ' "  : S D [k + 11} 

(6.13) 

ASSERTION (5). 

(6.14) 

PROOF. Define 

={[k + llU T: T E [ k  + 2, n]'" '}. 

]Ek A D] = h.,k. 

W = S p a n { f s : S E E k }  (CAJ'k"V), W={~:wEW}= 
s p a n { f s : S E G }  (Cld~k(C), see Definition 4.1). Note that Ek is an initial 

segment of [hi ~d*"'~ with respect to the order relation < (see Definition 4.2), 

and therefore, by Proposition 4.3, {fs : S E Ek f-'l D} is a linear basis of W. Thus it 

remains to show that 

(6.15) dim W = hd,k. 

But 

f v  = W l ( W n ~.I ( C ) ) = W l ( W n lql,, , , ) ~ ( w + Iffl,, + , ) l lffl,, , , , 

and therefore 

dim Ig' = dim ( W + / ~ . k  ) - dim M~§ = dim ( W + lV& ,k ) - G2k , )  + fd+k. 

Therefore (6.15) is equivalent to 

(6.16) 

Define 

(6.17) 

dim (W + M,,+k) = (~+'~+,)-/d~k +hd+k. 

W § = spanIfs  : S E [ n ]  t'~k§ [k + 1]f~S}. 
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Since 

l~d+k~ 

(6.18) 

But 

W + A 

W § and Md+k are the orthogonal complements in A~+k+~V of W, resp. 

(6.16) is equivalent to 

d im(W + A Me+k) =fd+k -- hd+k. 

k + l  rn @ W + f') Md+k iff ftk+,lL m = 0 (see (3.4)), i.e. m E Zd+dC). Thus 

M~+k = Z,~J,, and since dim Z]~J, = fe+k - h~+k ((6.12)), (6.18) follows. �9 

For r_-__0 we use the notation D, = {S E D :dim S = r}. For k = - 1 denote 
0 Dd+k D C I E k ( = { S ~ D d + k : [ k + I ] C S } ) .  

PROOF OF THEOREM 6.1 (end). Define subsets ,9~ and Yl of D~+k-, as follows: 

(6.19) 5eo = {S E De.k , :[k + 11C S}, 

(6.20) 5~, = {S \{k + 1}: S @ D~+k}. 

Clearly ~o and 9 ~, are disjoint. From Assertion (5) it follows that [ 5~11 = [ D~+k[ = 

he+k, therefore 

(6.21) [Z,[-<-] D~+~_, [ -  ]5r [= h e + k - i -  hd+k. 

Note that I:e, iI is the number of ( d - 2 ) - f a c e s  in the quotient complex 

D * =  D/[k + 1]. The number of ( d -  1)-faces of D* is IDG+kl = hd+k. From 

(6.21) and the Kruskal-Katona Theorem it follows that 

hd+k-i  - he+k >= I e01 = s 2(D*)>= fd-l(D*) ̀ e'= h~+k. 

This completes the proof of Theorem 6.1. 

REMARK. Let d be a fixed positive integer. For a graded left L-ideal M, define 

f(M) = (f-l(M), fo(M) . . . .  ), where f~ (M) = dim (M f-I A ,+1V). Define h (M) by 

equalities (1.5). If H~2I~(M)=0 for all k =>0, then h(M) satisfies inequalities 

(1.7). The proof remains almost the same. The only difference is the replacement 

of /V/(C) by /~/= {x E A V: (x, u) = 0 for all u ~E M}. 

7. Concluding remarks 

(1) In [6] Eckhoff introduced the following four classes of simplicial com- 

plexes: 

ydd: the class of d-representable complexes. 

~d:  the class of d-collapsible complexes. 

ydd : C C ygd iff C = N(Y[), where ~ is a finite family of subsets of R e, and 

the intersection of every nonempty subfamily of ~ is either empty or a 
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homology cell. (C C R a is a homology cell if C is connected and 

H~(C) =0 for l = 1 ,2 , . . . ,d . )  
~d:  the class of complexes C satisfying the following condition: 

(7.1) H~(C/S) = 0 for every l _-> d and every S E C. 

Obviously YU C ygd. A theorem of Leray [14] implies that ~d C_ ~d. Wegner's 

Theorem asserts that ~d C_ q~, and it is easy to see that qgd C Lpd. (Wegner [20] 

conjectured that also ~ C _  qgd.) Eckhoft [6] conjectured that the sets of 

f-vectors of these four classes coincide, and are characterized by inequalities 

(1.7). In order to show that (1.7) holds for members of LP d, it would suffice to 

prove the following conjecture (see Theorem 6.1): 

CONJECTURE 7.1. If C ~ s then k+l Ha+k(C) = 0 for all k >-O. 

(2) Eckhoff's h-conjecture resembles quite closely McMullen's g-conjecture 

concerning the characterization of f-vectors of simplicial d-polytopes (see [16, 

17]). This conjecture was recently proved by Billera and Lee [1] (sufficiency) and 

Stanley [19] (necessity). Perhaps the methods developed here can be used to give 

an alternative proof for the necessity part of McMullen's conjecture. 

(3) The generalized homology groups defined in Section 5 can be further 

generalized as follows: Let M be a graded left L-ideal of A V. 

DEFINITION 7.2. For integers r>=q >=0 

(7.2) Z~q= {x E Mk : X F, Lx =O} 

(={x EMk :frAx =0  for all T E [r]tq)}), 

r--q+l 
r,q (7.3) B~ q= A F, LMk+,-q+I(CZk), 

= Zk /Bk  (7.4) H~q(M) "q "q 

If C is a simplicial complex, define H~q(C)= H'~q(M(C)). 

REMARK. H~'(M) coincides with the group H'k(M) defined in Section 5. 

In the proof of the Katchalski-Perles conjecture in [11], we implicitly showed 

that if C is a d-collapsible complex and dim C = d 4- r then 

(7.5) ts,+',k+'/,'~ �9 , n+k ~,-,) = 0 for all k _-> 0. 

(It is not hard to show that (6.1) already implies (7.5).) In fact, we proved in [11] 
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that (7.5) holds even for "weakly (d, r)-collapsibte complexes" (see [11, Sec. 5]). 
(For this wider class of complexes (6.1) need not hold.) 

In [12] we define a graph G to be k-acyclic if H~'~(G)= 0. We also define 
there the complementary notion of hyperconnectivity, and applied these notions 
to some extremal problems in graph theory. 

Note added in proof. Conjecture 7.1 has now been proved. 
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